Abstract. Extending previous work of H. W. Lenstra, Jr. and the first author, we give quantitative conjectures for the statistical behavior of class groups and class numbers for every type of field of degree less than or equal to four (given the signature and the Galois group of the Galois closure). The theoretical justifications for these conjectures will appear elsewhere, but the agreement with the existing tables is quite good.
1. Introduction and Notations. In [3] , H. W. Lenstra, Jr., and the first author developed a method for conjecturing quantitative results on class groups of quadratic fields and cyclic extensions of prime degree. In a forthcoming paper [4] we shall show that this technique can be extended to a much wider class of number fields, and also to relative extensions.
The aim of the present paper is to rapidly make available the numerical conjectures obtained, for people not really interested in our heuristic reasoning or not wanting to wait for [4] to appear. Hence, apart from a total lack of justifications for the conjectures that we present, this paper is essentially self-contained. The plan is as follows.
In the rest of this section we present the notations used in the sequel. Some of them being nonstandard (and in general differing from the notations of [3] ), we urge the reader to read the notations carefully before applying the conjectures.
In the next section we present templates for the subsequent conjectures, and then the conjectures themselves, illustrated by numerical examples, first for their own sake, and second as a double check for the reader to understand the templates. These conjectures are given for all types of fields of degree less than or equal to four.
In the final section we comment on the consistency of the conjectures with existing tables (which is quite good).
Combinatorial Notations:
* If X is a set, \X\ denotes its cardinality. * For an integer/? ^ 2 and a an integer or oo, we set: (p)a = Tl1<k<a(l -p~k); in particular (p)x = llt>i(l -/>"*), (p)0 = 1-Remark. It would have been more consistent with the usual notations of combinatorics to write this as (l/p)a, but the present notation is typographically simpler.
Algebraic Notations:
•k The letter K will stand for the generic algebraic number field whose class group we want to study.
* HK (resp. HK/k for relative extensions) will denote the subgroup of the class group consisting of elements whose order is not divisible by the given bad prime or primes (resp. and in the kernel of the norm map from K to k ).
Warning. HK does not denote the class group itself, in general.
*hK=\HK\,hK/k = \HK/k\. •k The letter M will denote a Galois closure of K over Q, and T = Gal(M/Q). * A will denote a direct product of Dedekind domains A, (in fact, in our cases, A will either be a direct product of copies of Z or a single Dedekind domain).
* If G is an ^4-module, AutAG (or simply AutG) will denote the group of .4-automorphisms of G, and G, will denote the component of G on the factor Aj of A (hence G = VI G¡).
* If p is a maximal ideal of a Dedekind domain A, we will write r*(G) for the p-rank of G as an A -module, i.e., the dimension of G/\>G over A/\>. We shall write rz(G) for the /»-rank of G when G is viewed only as a Z-module. Note that when A is the ring of integers of a quadratic field then (i) if p splits in A, say pA = pp, r?(G) = rf(G) + r*(G);
If A = Z we write simply rp(G) instead of rpz(G). Analytic Notations:
* In the templates, the letter / will stand for a "nice" function (not further specified!) defined on isomorphism classes of finite ,4-modules.
•k lî A = Yl1<l<mAlt where the A¡ are Dedekind domains, then the zeta function of A is by definition a function of m complex variables defined by analytic continuation to Cm of the following function: License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use * If 1 is the constant function equal to 1 everywhere, then it is a theorem (not a conjecture!) that ZA(l,s) = ZA(s) (see [3, Corollary 3.7] or [4] ), whence the notation. * C(A) = Ress=0ZA(s)= Ress=xÇA(s)T\k>2ÇA(k) (used only when A is a Dedekind domain).
* If f is a prime number which we want to exclude (a "bad" prime), we use CA¿(s) and Z^,,(s) to mean that we omit the Euler factors corresponding to prime ideals dividing £, and more generally ZA+{(f;%) to mean that in the sum defining ZA(f; s) we take only finite /I-modules of order not divisible by /.
* Finally, we set
where it is understood that the limit is taken if both the numerator and denominator vanish.
2. The Conjectures. Let K be a generic algebraic number field, M a Galois closure of K, and T = Gal(M/Q) as usual.
For a given T we first give a diagram indicating interesting subfields of M and their interrelations (although usually not the conjugates of K), then the "bad" prime tf (when [K: Q] < 4 there is only one such), the ring A, and in the non-Galois case, relations between class groups outside the bad prime as always (these relations being theorems, not conjectures!). We indicate the degrees of the field extensions, except when they are equal to two.
We then consider the set # of isomorphism classes of fields K having given T, rx, r2 (number of real and complex embeddings of K ). If / is a function (see notations), we define the average of / as the following limit, if it exists:
where DK is the discriminant of K. (If we work with relative extensions, replace HK by HK/k in this definition.) We then give a general heuristic prediction linking Jt(f) to the function MA¿,(f; s) defined above, and we specialize this prediction to a number of interesting functions /. In many cases, / will be the characteristic function of a property P of HK (i.e., 1 if P is true, 0 if not), and in this case we shall speak of the "probability" that P holds (written pr(P)), although evidently Jt(f) is only finitely additive.
For each of the functions / we give a few numerical examples, the numbers being rounded to six decimals.
In what follows: * Í will be the bad prime. * H will be a finite A -module of cardinality h.
-k h and m will denote integers not divisible by £. k p will denote a good prime, and <p a prime ideal of A dividing p.
We shall give in turn: 
Examples. Our heuristics predict that these three groups behave independently, hence the desired conjectures for HK or HK*k -Hk¡ X Hk can easily be deduced from the conjectures in the quadratic case. For the sake of completeness we give the templates. Remark. The conjectures that we obtain in the case Z>8 are, as expected, the same as the ones that we would obtain for quadratic extensions of a fixed quadratic field k (such an extension being of type Z)8 with probability 1). For specific / and examples, see (7. 3) (totally real quartics of type A4).
3. Discussion. The tables that we have at our disposal (some of which having been extended specifically to test our conjectures) are as follows:
-Complex quadratic fields, \DK\ < 2.5 X 107 [2] . -Real quadratic fields Q(^/p) with p prime, p < 108 [15] . -Cyclic cubic fields, DK < 2.56 x 108 ( [9] , [8] ).
-Noncyclic complex cubic fields, \DK\ < 2 X 104 [1] .
-Pure cubic fields Q(y/7~) with p prime, p < 106 ( [13] , [15] ). -Noncyclic totally real cubic fields, \DK\ < 5 X 105 [7] .
-Some tables for fields of degree 4 and 6, which are not sufficiently extensive to make any significant statistics ( [10] , [12] , [6] ). In addition, C. P. Schnorr [14] kindly computed for us a few samples for \DK\ = 5 X 108 for complex quadratic fields.
The first observation is that for imaginary and real quadratic fields, and for cyclic cubics, the agreement with the tables is very good.
The second observation is that for noncyclic complex cubic fields, the agreement is not so good. Now in the non-Galois cubic case, as will be explained in [4] , we have every reason to believe that the prime 2 behaves like a good prime. The poor agreement with the tables would seem to indicate that, either our whole strategy in the non-Galois case is wrong, or at least that 2 should be considered also a bad prime. However, the discriminants involved in the table of [1] are not very large. If we look at the subtable of pure cubic fields, the discriminant of Q(y7?) is 3/7 or 27/>2, according as p = +1 (mod 9) or not, hence in the table of [15] the discriminants go up to more than 3 X 1012. If we assume that, as a whole, pure cubics behave like any other complex cubics, then ordering them as usual by discriminants (and not by p\) we find very good agreement with the tables. Thus we believe that the poor agreement with [1] is due to the fact that the discriminants are not sufficiently large.
However, there is another phenomenon which has been stressed several times ( [13] , [15] ) and which we repeat here: If one considers only Q(y[p) with p = 2 (mod 3) prime (so as not to be bothered by the 3-part), and if one distinguishes between p = 1 (mod 9) and p = 2,5 (mod 9), one notes a marked distinction in the behavior of the class group. For example, class number 1 seems to occur with probability 0.60 for p = -1 (mod9), but with probability 0.40 for p = 2,5 (mod9). This is apparently due to the higher 2-part of the class group in the second case, and although a sort of reinterpretation of this phenomenon has been given in [5] , no satisfactory heuristic explanation has yet been found. Since DK < x is equivalent to p < \Jx/3 for p = -1 (mod 9) and p < yx/27 for p = 2,5 (mod 9), by taking together all the Q(]fp) with p = 2 (mod 3) and discrimiLicense or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use nant < x, we find an approximate probability of \ X 0.60 + \ X 0.40 = 0.52 of having class number 1, very close to the predicted probability 0.5186. A similar remark can be made about quartic extensions of type A4 and S4: The prime 3 could be bad. However, we think that this is not the case.
